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1 Aggregation operator
Aggregation operator
1.1. $D\subset R^{N}$ aggregation operator:Ag $Ag:Darrow R$
(1) $($Unanimity or idempotenCy$)$ $Ag(a,$ $\ldots,$ $a)=a$ $(a,$ $\ldots,$ $a)\in D$
(2) (Monotonicity) $a_{\dot{\tau}}\leq b_{\{}$ for all $i=1,$ $\ldots,$ $n,$ $a=(a_{1}, \ldots, a_{N}),$ $b=(b_{1}, \ldots, b_{N})$ a$,$ $b\in D$
, $Ag\{a)\leq Ag(b)$ .
. Boundary condition: $Ag(O, \ldots, 0)=0,Ag(1, \ldots, 1)=1$
$\bullet$ Intenality: $\min_{i}a_{i}\leq Ag(a_{1}, \ldots, a_{N})\leq\max_{i}a_{i}$
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$((a_{1}, a_{2}, \ldots, a_{n})$ (aggregation)




2.1. [20] $(X, \mathcal{B})$ ( a non-additive
measure) $\mu$
(1) $\mu(\emptyset)=0,$ $\mu(X)=1$
(2) $A\subset B,$ $A,$ $B\in \mathcal{B}$ $\mu(A)\leq\mu(B)$ .
$\mathcal{F}(X)$ $\mathcal{F}(X)=\{f|f:Xarrow R^{+}, f:$ $\}$
2.2. [7, 13] $\mu$ $f\in \mathcal{F}(X)$ Choquet
$(C) \int fd\mu=\int_{0^{\mu}}^{\infty}f(r)dr$,
$\mu f(r)=\mu(\{x|f(x)\geq r\})$ o
$X=\{1,2, \ldots, N\}$ The $i-$th order statistic $a^{(i)}[25]$ $R^{N}$
$a=(a_{1}, \cdots, aN)\in R^{N}$ $i$
$a^{(1)}\leq\cdots\leq a^{(i)}\leq\cdots\leq a^{(N)}$ .




2.3. [8] $f,$ $g\in \mathcal{F}(X)$ $f$ $g$ (comonotonic)
$f(x)<f(x’)\Rightarrow g(x)\leq g(x’)$
for $x,$ $x’\in X$ $f$ $g$ strongly comonotonic
$f(x)<f(x’)\Leftrightarrow g(x)<g(x’)$
for $x,x^{f}\in X$ $f$ $g$ strongly comonotonic $f\sim_{s}g$
24. $(X, \mathcal{B})$ $\mu$ $f\in C_{b}(X)$ , $\mathcal{B}$
$P_{[f]}$
$(C) \int fd\mu=\int fdP_{[f]}$ .
3 Aggregation operator Choquet
Aggregation Operator Choquet
31. $p=(p_{1}, \ldots,p_{N})$ $\sum_{i=1}^{N}p_{i}=1,$ $p_{i}\geq 0$ $N$
(weighting vector) . $f_{1}$ : $[0,1]^{N}arrow[0,1]$ for $i=1,$ $\ldots,$ $N$ $N$
$\sum_{i=1}^{N}f_{i}(x_{1}, \ldots, x_{N})=1$ for all $(x_{1}, \ldots, x_{N})\in[0,1]^{N}$
$\mathcal{F}=(fi, \ldots, f_{N})$ $N$ (weighting function)
3.2. $p=(p_{1}, \ldots,p_{N})$ (the weighted mean) $WM$
:
$WM_{p}( a)=\sum_{i=1}^{N}p_{i}o_{\dot{\eta}}=(p, a)$
$a=(a_{1}, \ldots, aN)\in R^{N}$ .
1.
$WM_{p}(a)=80\cross 0.4+70x$ 0.4 $+$ 60 $x0.2$
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$3.\theta$ . $X:=\{1,2, \ldots, N\}$ $p=(p_{1}, \ldots,p_{N})$ $2^{X}$ $P$
$P(\{i\}):=p_{i}$ $a=(a_{1}, \ldots, a_{N})\in R^{N}$
$WM_{p}( a)=(C)\int adP$
Yager Ordered Weighting Averaging operator (OWA operator) .
la 3.4. $f2\theta J$ $w=(w_{1,\ldots,N}w)$ , Ordered Weighting Averaging operator
:
$OWA_{w}( a)=\sum_{i=1}^{N}w_{i}a_{\sigma(i)}$
$\sigma$ $\{$ 1, $\ldots,$ $N\}$ $a_{\sigma(i)}\geq a_{\sigma(i+1)}$ $a=(a1, \ldots,a_{n})\in R^{N}$




OWA operator Choquet $\mathcal{B}$ $\mu$
(symmetric)[12] $|A|=|B|,$ $A,$ $B\in \mathcal{B}$ $\mu(A)=\mu(B)$
$OWA$ operator Choquet integral
Ralescu
$E$ $.5. [1 $\theta JX$ $:=\{1,2, \ldots, N\}$ . $OWA_{w}$ , symmettic $fi_{1}zzy$ measure




Torra (1996) weighted order weighted averaging operator (WOWA) .
36. [21] $P:Narrow[0,1]$ $w^{*}:[0,1]arrow R$
the Weighted Ordered Weighting Averaging (WOWA) operator
WOWAp,$w(a)=\sum_{:=1}^{N}w_{i}a_{\sigma(i)}$ ,
$\sigma$ $\{$ 1, $\ldots,$ $N\}$ $a_{\sigma(i)}\geq a_{\sigma(i+1)}$ $w \iota:=w^{*}(\sum_{J\geq i}P_{\sigma(i)})-$
$w^{*}( \sum_{J>i}P_{\sigma(i)})a=(a_{1}, \ldots, a_{n})$ .
3. 4
1 $w^{*}(x):=x^{\alpha}$
$WOWA_{P,w}(a)=(1-O.8^{\alpha})\cross$ SO $+(O.8^{\alpha}-0.5^{\alpha})\cross 70+(0.5^{\alpha}-0.4^{\alpha})x40+(0.4^{\alpha}-0^{\alpha})x30$
$\alphaarrow\infty$ $WOWA_{P},.(a)=80$ $\alphaarrow 0$
$WOWA_{P},.(a)=30$
$\mathcal{B}$
$\mu$ distorted probability $P$ $[0,1]$
$f$ $\mu=f\circ P$
3.7. $X$ $:=\{1,2, \ldots, N\}$ . $WOWA_{P,w}$ , distorted probability $\mu$
WOWAp,. $( a)=(C)\int ad\mu$
$a\in R_{+}^{N}$ .
Yager [28] OWA operator
3.8. $[28J\mathcal{F}=(fi, \ldots, f_{N})$ $N$ weighting function Yager’s generalized
$OWA$ (YGOWA)
$YGOWA_{F}(a_{1}, \ldots, a_{N})=\sum_{i=1}^{N}w_{i}a_{\sigma(i)}$
$\sigma$ $\{$ 1, $\ldots$ , $N\}$ $a_{\sigma(i)}\geq a_{\sigma(i+1)}$ , $w_{i}$ $w_{i}=f_{i}(a_{\sigma(1)}, \ldots,a_{\sigma(N)})$
OWA
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3.9. $\mathcal{F}=(f_{i}, \ldots, f_{N})$ $N$ weighting function o generalized $OWA$
(GOWA)
$GOWA_{f}(a_{1}, \ldots, a_{N})=\sum_{i=1}^{N}w_{i}a_{\sigma(i)}$
$\sigma$ $\{$ 1, $\ldots,$ $N\}$ $a_{\sigma(i)}\geq a_{\sigma(i+1)}$ , $wi$ $w_{i}=f_{i}(a_{1}, \ldots, a_{N})$
GOWA YGOWA YGOWA
35
310. $X:=\{1,2, \ldots, N\}$ $\mathcal{F}=(fi, \ldots, f_{N})$ $N$
$GOWA_{\mathcal{F}},a\in R^{N},$ $i=1,2,$ $\ldots,$ $N$ $\mu_{a}$ $\mu_{a}(\{N\}):=fi(a),$ $\mu_{a}(\{1, \ldots, i\}):=$
$fi(a)+\cdots+f_{i}(a)$
$GOWA_{F}( a)=(C)\int ad\mu_{a}$
24 Choquet GOWA GOWA Choquet
GOWA Choquet Open Problem
4 Choquet-Stieltjes Aggregation Operator
41. $f14J(X, \mathcal{B})$ $\mu$ $\mathcal{B}$ $\varphi$ : $R^{+}arrow R^{+}$
Lebesgue-Stieltjes $\nu_{\varphi}[17J$
$\nu_{\varphi}((a,b)):=\varphi(b-O)-\varphi(a+O)$ ,





$X=\{1,2, \ldots, N\}$ , Choquet-Stieltjes $i-$ th order statistics
$CS_{\mu,\varphi}( a)=\sum_{i=1}^{N}(\varphi(a^{(i)})-\varphi(a^{(i-1)}))\mu(\{(i)\cdots(n)\})$
$= \sum_{i=1}^{n}\varphi(a^{(i)})\{\mu(\{(i)\cdots(n)\})-\mu(\{(i+1)\cdots(n)\})\}$
42. $[14J(X, \mathcal{B})$ $\mu$ $\mathcal{B}$
$\varphi$ : $R^{+}arrow R^{+}$ $\mu,$ $\varphi$ $f$ Choquet-Stieltjes $\varphi(f)$
Choquet integral
$CS_{\mu,\varphi}(f)=(C) \int\varphi(f)d\mu$
4.3. $p=(p_{1}, \ldots,p_{N})$ $\phi$ , quasi-weighted mean
$QWM$
$QWM_{p}( a)=\phi^{-1}(\sum_{i=1}^{N}p_{i}\phi(a_{i}))$
$a=(a_{1}, \ldots, a_{N})\in R^{N}$ .
4. $a_{i}>0,$ $p_{i}=1/N$ $\phi(x)=\log x$ $QWM$ $\phi(x)=1/x$
4.4. $X$ $:=\{1,2, \ldots, N\}$ . $p=$ $(P1, \ldots, PN)$ a weighting vector . $2^{X}$
$P$ $P(\{i\}):=p_{N}$
$QWM_{p}(a)=\phi^{-1}(CS_{P_{1}\phi}(a))$
for $a=(a_{1}, \ldots, a_{N})\in R^{N}$ .
Losonczi mean
4.5. $fllJ$ $\pi_{i}$ $\phi$ Losonczi’s mean $LM$
$LM(a_{1}, \ldots, a_{N})=\phi^{-1}(\frac{\sum_{|=1}^{N}\pi_{i}(*)\phi(a;)}{\sum_{i=1}^{N}\pi_{i}(a_{i})})$
Losonczi’s mean $QWM,$ $WM$ , counter-harmonic mean $\sum a_{1}^{p}/\sum a_{i}^{p-1}$
(the BADD operator [27]) ) [3, 23]
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for $a=(a_{1}, \ldots, a_{N})\in R^{N}$ .
Losonczi mean
4.7. (Generalization Losonczi mean) $\mathcal{F}=(fi, \ldots , f_{N})$ $N$
Generalized Losonczi $z_{S}$ mean $\circ$
$GLM_{F}(a_{1}, \ldots,aN)=\phi^{-1}(\sum_{i=1}^{N}w_{i}\phi((4))$
$wi$ $w_{i}=f_{i}(a_{1}, \ldots, a_{N})$
Generalization Losonczi mean
48. $X:=\{1,2, \ldots, N\},$ $\pi_{i}:Rarrow R^{+}$ , $\phi:Rarrow R$ $\mathcal{F}=(fi, \ldots, f_{N})$
$N$ $a=(a_{1}, \ldots, a_{N})\in R^{N}$ $2^{X}$ $P$ $P_{a}( \{i\}):=\frac{\pi_{i}(a)}{\Sigma_{*\cdot=\iota}^{N}\pi_{l}(a)}$
$GLM_{F,\phi}(a)=\phi^{-1}(CS_{P.,\phi}(a))$
.
Aggregation Operator $\mu$ $(X, \mathcal{B})$
$\mu(X)=1$ [15].
(1) $\varphi$




$(C) \int adP_{a}\leq GLM_{F,\phi}(a)$ .
(2) $\varphi$
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